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Motivation

&|dentify a unique Mathematical framework for any Multi-Loop Amplitude
&Simplify the calculations in High-Energy Physics
&Discover hidden properties of Feynman Amplitudes

Path

& Amplitudes Decomposition

&Multiloop Integrand Reduction and Multivariate Polynomial Division
&/ntegrand Reduction and the minimal set of Master Integrals
&Differential Equations for Feynman Integrals: Magnus Exponential

@Conclusions



Integrand Reduction (Int’nd Red)

&Very successful for many-leg one-loop amplitudes Ossola, Papadopoulos, Pittau
m—1 m—1
N@) = Y |dloirisis) + d(gsioirisis)] D;
10<11<12<13 17£10,11,02,13
m—1

+ Z c(ipi1iz) + ¢(g; ioiriz)] H
10<11 <12 ’&.757;0 11,12

+ Z [ (i0i1) + b(g; doiy ] H D
10<t1 1710,01

3 latio) +ala: o)) [] D

1710



Integrand Reduction (Int’nd Red)

&Very successful for many-leg one-loop amplitudes Ossola, Papadopoulos, Pittau

Integral Identities (IBP-id’s, LI-id’s,...) cheyrin, Tkachov; Laporta

Gehrmann, Remiddi
&Very successful for many-loop up to 4-legs amplitudes
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Integrand Reduction (Int’nd Red)

&Very successful for many-leg one-loop amplitudes Ossola, Papadopoulos, Pittau

Integral Identities (IBP-id’s, LI-id’s,...) chetyin Tkachoy; Laporta

Gehrmann, Remiddi
&Very successful for many-loop up to 4-legs amplitudes

Can we combine their advantages?

>>> Zhang’s talk



Integrand Reduction (Int’nd Red)

&Very successful for many-leg one-loop amplitudes Ossola, Papadopoulos, Pittau

Integral Identities (IBP-id’s, LI-id’s,...) chetyin Tkachoy; Laporta

Gehrmann, Remiddi
&Very successful for many-loop up to 4-legs amplitudes

Can we combine their advantages?

&New ideas to devise an all-order Int'nd Red’n Algorithm

Driving Principles Generic Properties of Feynman Amplitudes:

@Unitarity & Factorization

& oop-momentum-shift invariance



Amplitudes Decomposition:
the algebraic way

a=axi + ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components



Projections :: On-Shell Cut-Conditions

vanishing denominators

1

> O(p® —m?)

p? —m? — 10




Multi-Loop Integrand-Reduction
by
Polynomial Division

Ossola & PM. (2011)

Badger, Frellesvig, Zhang (2011)

Zhang (2012)
Mirabella, Ossola, Peraro, & P.M (2012)



[JProblem: what is the form of the residues?

&“find the right variables encoding the cut-structure”

@ variables

e [SP’s = Irreducible Scalar Products:

(— g-components which can variate under cut—conditions)

— spurious: vanishing upon integration
— non-spurious: non-vanishing upon integration = MI’s

Ossola & P.M. (2011)



A simple idea

M Remainder Theorem

flz

g(x

SN—" | N—

g(x) = (x — xg) :




Multivariate Polynomial Division

Zhang (2012);
Mirabella, Ossola, Peraro, & P.M. (2012)

‘ﬁ]deal Fivoio =Dy, -+, D; ) = {En: hw(z)D; (z) : hy(z) € P[z]}

&Groebner Basis Giyooiy, = {91(2), -, gm(2)}

n-ple cut-conditions Wy Sawe =00 S 22 i = oo = G, —



Multivariate Polynomial Division

Zhang (2012);
Mirabella, Ossola, Peraro, & P.M. (2012)

&ldeal Tivin =Dy, - ,D; ) = {Z he(2)D;, (2) : hy(z) € P[Z]}
k=1
&Groebner Basis Giri. =101(2),...,9m(z)}
Toin = 1 sm) = { - hnl@)gn(a) ) € Pl
k=1
n-ple cut-conditions Wy Sawe =00 S 22 i = oo = G, —
&Polynomial Division Nijoi(2) =155 + 0. (2),

[ﬁ Remainder ~ Residue AV (z)]

& Quotients Lipoi,, = Doy Qi(2)g:i(2) belongs to the ideal J;,...;.

- Z Ml"'im—lim+1°--in (Z)Dim (Z) .
k=1




Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)
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Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2012)
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Multi-Loop Integrand Recurrence

Mirabella, Ossola, Peraro, & PM. (2013)

M D-reg
M Higher powers of denominators (remainder = residue)
M Arbitary kinematics V
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Multi-Loop Integrand Decomposition

M Multi-(particle)-pole decomposition

Niyoir,

T . =

’L .-.’I/
o Dy, Dy, -+ Dy,
n n
Toi= 3 Aiyig. imax Py Aiyig. imax—1
11°°ln — D _D '°-D' D D ...D-
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Fit-on-cuts...

Tipiy = Y
1:7:1<<7:max
mn

-

Knowing the parametric form of residues is
mandatory!!!

1:'1:1 <<7:max_2

—

Ailiz...imaX—Q
D SN

Tmax —2

-

Use your favorite generator

(how about GoSam?),

and sample 1(q’s) as many time as the
number of unknown coefficients

\_

~

J

~

M Parametric form of the residues
is process independent.

M Actual values of the coefficients
is process dependent.



...Divide and Conquer

Mirabella, Ossola, Peraro, & PM. (2013)

(remainder = residue)

e N

R ) AL AN ANSOR S 7 (L D
k=1 - M " i y

n-denominator
integrand .
(n-1 )—denommatoj

integrand

just apply the polynomial division
to the integrand you want to reduce:
analytic/algebraic reduction

M No need for the explicit cut-solutions



One-Loop Integrand-Reduction




One-Loop Integrand Decomposition

@ Choice of 4-dimensional basis for an m-point residue

2 2 2 2
e] =e;,=0, e1-ep =1, e3 =e; = Opma , e3-e4 = —(1 — dpa)

@ Coordinates: z = (z1, 22,23, 24, 25) = (X1, X2, X3, X4, j1”)

" ” 2 2 2
Dhdim = _le +xref +xey +xzey +xaey, 4" = 94-dim — M
@ Generic numerator
Z oz Zl Z2 Zé3 Zf ng, (j1...js) suchthat rank(MNj...;,) < m

-5

@ Residues

Ai irizigis = €0
2 2
Aj iyiziy = €0 + c1X4 + p=(c2 + c3x4 + p7cy)
A — 2 3 2 3 2
iyinis = €O + C1X3 + €2X3 + €3x3 + c4x4 + c5x5 + coxy + (7 + cgx3 + coxy)
2 2 2 2
Ailiz = €0 + C1X2 1+ C2X3 + C3X4 + C4X5 + C5X3 + CeXy + C7X2X3 + CoXpX4 + Co i

Aj, = co + c1x1 + cax2 + c3x3 + c4x4

Ossola, Papadopoulos, Pittau
Ellis, Giele, Kunszt, Melnikov



One-Loop Integrand Decomposition

L - Naulg, p?) _

one—loop __ 2¢ 4 2 IRy n\4, =3

A, p_/d /’L/qun(Q7M)7 An(q’ﬂ):DoD1---Dn_1 Di:(Q+pi>2_mr%:(q+pi)2_mz2—ﬂ2
We use a bar to denote objects living in d = 4 — 2¢ dimensions d=4q+p, with C72 = CI2 - ,LL2 :

S O ) = ) - ) - R O SR C ST




The GoSam Project 2.0

Cullen van Deurzen Greiner Heinrich Luisoni
Mirabella Ossola Peraro Reichel Schlenk
von Soden-Fraunhofen Tramontano P.M.

Subtraction Born & Real emission

Monte Carlo

(Madevent, Sherpa, Powheg)
' Herwig, aMC@NLO

v

-~
N MC Interfaces
Beyond SM
EW Physics

Top Physics

(Samurai, Ninja, Golem95)

>>> Heinrich’s talk

Higgs (+ tops) & Jets

>>> Peraro’s talk



Int’'nd Red @ Higher-Loop: it works! '

Badger, Frellesvig, Zhang
Mirabella, Ossola, Peraro, & P.M.

Issue:
independent monomials
are not a minimal set




Int’'nd Red @ Higher-Loop: it works! '

Badger, Frellesvig, Zhang
Mirabella, Ossola, Peraro, & P.M.

Issue:
independent monomials
are not a minimal set

...but this is also the case at 1-loop



One-Loop Integrand Decomposition

. 3 Na(g; %) =

one—loo 2¢ 4 2 3 n\4, —

A pz/d u/qun(q,u), A”(q’“):Dobl---Dn_l Di = (G+p)?—m?=(q+p)*—m2— p?
We use a bar to denote objects living in d = 4 — 2¢ dimensions d=q+p, with 672 - 612 o MQ :

S O ) = ) - ) - R O SR C ST




One-Loop Integrand Decomposition

one—loo —2€ Nn(Q7 :u2) —~ —
A p=/d 2u/d‘*qAn(q,Aﬂ), Anle i) = 555 — D; = (q+pi)* —mi = (¢+pi)* —mi — p*
We use a bar to denote objects living in d = 4 — 2¢ dimensions d=q+p, with 672 - 612 o MQ :

S O ) = ) - ) - R O SR C ST

& Ex: QED-like kinematic

<[@-O—+Q

TN




Solution:
Integration-by-Parts Id’s
@ integrand level

Ossola, Peraro, & PM.

Accessing the reducibility power of IBP-id’s within the integrand



Let’s begin with 1-Loop




1-Loop:
Dimensional-Recurrence from IBP-id’s

Tarasov; Bern-Dixon-Kosower;
Duplancic-Nizic; Denner-Dittmaier;
Binoth-Guillet-Heinrich; ... ; Lee;

N _ (,.2\2—-D/2 d”i 1
IO (D7 {VZ}) > (/J’ ) (27T)D All/lAggAyNN )

0 :/ le 5’ Zol'u’ —|—Z£\;1 ZZ"I“?
] @2m)P ol ATV A




Can we understand/obtain it
@ integrand level?




1-Loop: Shifted-D Integrals

&D =4-2e

Loop Momentum Decomposition: Mahlon; Bern-Morgan

g=q+p, T =¢-p,
¢ in D-dimensions
1 q in 4-dimensions

/dDQE /d_Qelu/d‘lq — /dQ_l_26 /OO dp?(p?)~1¢ | 0, = O @ in (—2¢)-dimensions
0

Pl mp = [aPgl Ll

& Dimension-raising @ Int'nd level

e From D — D + 2: integrand generation of 1972¢:

1

(UJ_,l . UJ_,Q)

1

L [(vig-@)(vig-q) = —512_26 (vii-pj=0)

I = (1%

(tadpole) I} *¢[¢?] = —2I9~*¢




1-Loop:
Dimensional-Recurrence from Integrand Reduction

= 1 _ - ),D=4—2
ID—6—2€ - [21D—4—2e Y _I(Z), e]
" (n—54+2€)cy | " ; Cifn—1

Proposition.
@ 1-Loop: Dimensional-Recurrence for I

('UJ_,l'CI)(’UJ_,Q'C.I) and DZ"S

e generated from the relation between p? and

(vi1vl 2)




...Divide and Conquer

Mirabella, Ossola, Peraro, & PM. (2013)

(remainder = residue)

e N

z.’]_.“ri’];"'f'n..'inj z,lzlJszkz:nznj DQ]_...DQ’kJ ’
k=1 - N " & &

n-denominator
integrand .
(n-1)-denominator

integrand

just apply the polynomial division
to the integrand you want to reduce:
analytic/algebraic reduction



L
&Pentagons

102

: e R To1234 = '
We start with the 5-point one-loop integrand DoD1D>DsD,

& Integrand decomposition

whose decomposition reads 12 = 6801234)
n ( (0123) +C(10123)(q vi()123))> Dy
( 00124 (0124 (q U(flM))> Dy
4 (cé 134) (0134 (q- (Lm34))) Dy
4 <C(()0234 (0234 (q- ,09234))> D,
i <061234 (1234 (g + p1) 7’8234))) Dy

& Integration

To2sa[p?] = —€ T = ¢ *** To1234 +
0123 0124 0134
+ C< ) S Cg ) g - Cé ) s
0234 1234
ain C(g T 4 C(g ) Enma,



)
@ Boxes

IR (R
v4 DoD1D2D3’

To123 =

- Integrand decomposition

2
q-v]| 0123
( 2) _ 0123 2

v
if +( (0123) (012)(q e§012))+ 012)( (012))> D
( 13)_|_ (013 :(3013))+ (013) 013) >D
( (023) . (023 g023)) P (023) (023) ) Dy
( 123)+ (123 :(3123))+ (123) )D
& Integration
%mq 0L)] = Zl) = S (-1 4+ 29 I8 = 5’ Tonas + D e’ Ty



L °
&@Triangles

1 (g-e3)(q-eq)
(e3-es) DoD1Dy °

Lo12 =

& Integrand decomposition

. : 1
(9-e3)(q - ea) — 080123) e 5 ,LLQ + scalar bubbles 4 linear bubbles 4 tadpoles.

(€3 - e4)
1
— C(()0123) -+ 5 112 + scalar bubbles.
& Integration 1 d (0123)
1 (—2 + 2 6) 201_2%_26 = C, Lo123 + Z CijLij. ol

tj



&Bubbles

& Integrand decomposition

. : 1
(q-e3)(q-eq) = /ﬂ + scalar, linear and quadratic bubble + tadpoles.

(63 . 64) 2

1
— 3 2 4 scalar bubble + tadpoles.

s/ .
& Integration

1 %
L3120 B* —am+ Yan @
7



&Tadpoles

> Integration

or simply from

—Tol(g-es)(q - ea)] = L2,

(=4 +26) TE5-2 — — 2T,

Toq*] = Zo[u’] + mg To

my

1o



1-Loop:
Dimensional-Recurrence: got it!

1 Sl
D=6—2¢ D=4—2¢ (3),D=4—2¢
i ~ (n—542¢) [C”’ " = ; i o1 ]
1 n—1 0
D=6—2¢ D=4—2¢ 1), D=4—2¢
it ™ = (n — 6 + 2¢) [C”‘l 0 Ly ; Cn—1i dn = ]
1 2 (9)
D=6-2¢ _ [ yD=4-2¢ _ g ,D:4—26}
2 EEEE Z,:Zlc“ 1
1
! EREDE e

Dimensional Recurrence
@ integrand level:

what we can do with it?




1-Loop:
IBP-id’s from Dimensional-Recurrence

1 N D—4_

D=6—2 D—=4—2¢ (3),D=4—2¢

W = s 129 [C”’O I ; eni I ]
1 n—1 ( )

D=6—2¢ D=4—2¢ 1),D=4—2¢
i1 = (n — 6 + 2¢) {C”‘l 0 LT~ ; Cn—1,i In= }
! : (4)

D=6-2¢ _ [ yD=4-2¢ _ G D:4—2e}
1
1 (_4 T 26) €1,0 41

substitute them bottom-up!



&Telescopic Identity

n n—1
(14 D) = [engl? =3 dhy P -3y 102V
1=1 1=1
Sending D — D — 2
n n—1
i ), D ) D
(n — 3+ D)[é) - {CR,OL? - Z C;%,i Inz—l o C/TL—l,’i InZ—Q A



&Telescopic Identity

n n—1 n—1

(n—14 D))+ = {Cn,ofq? o Z C;@,z' Iﬁﬁ’f)w 5 Z ng—1,z' 17912”2 b Z C;q,—u IYJ)’DH
i=1 i=1 i=1
Sending D — D — 2
n ' n—1 ' n—1 '
(=84 DY = [k 2 = Yo I = 3l 105 == Y 1]
i=1 i=1 i=1
iff Cn,0 — 0
n n—1 n—1
N D . -
(n -3 + D)InD — |: — C;z,i [?(7,12,1 — C;’L—l,z I’r(LZZQ — — C;I—l,i 11(2)7 i|
1=1 1=1 1=1
this is an IBP-id: I is reducible in terms of lower-point MI’s (subtopologies).
Proposition.

Vn, cpo 1s found at the fist step of the integrand reduction, and it is not altered by the
bottom-up recursive substitutions.

= the integrand reduction can detect algebraically if I,, is MI or not.



7.1 Example: QED bubble M

We consider a bubble Zy; with the denominators

Do = ¢2, Di=¢*+2(q-p), (ie. mg = p* —m? =0).

& Bubble rec. rel. (1—d) I(gcll+2) —
& Tadpole rec. rel. —d Ifd”) = 2m? Ifd)
1
& Telescopic Identity (1—d) T2 = T2 47!t
shift d — d — 2
& IBP-id ] 1 )
B-d) I = 5= 2-d)TI]
ma




7.1 Example: QED bubble M

We consider a bubble Zy; with the denominators

Dy=¢’>, Di=¢’+2(q-p), (e mij=p°—mi=0).

& Bubble rec. rel. [(1 —d) I(gcll+2) B I{l)

& Tadpole rec. rel. —dZ\? = om2 7Y

1
& Telescopic Identity —d) I(()‘f”) =—=— d I£d+2)7
1
shift d — d — 2
& 1BP-id 1 )
(3 > d)I(C)ll o5 ﬁ (2 ~F d)Il.
i

The reduction “knows” that the
integral is reducible, at its first step




7.2 Example 2 (QED vertex)

We consider a triangle Zy12 with kinematics corresponding to the QED vertex

Do = ¢, D1 = (q+k1)* —m?, D = (q — k2)* —m?2,

with mZ=0, k?=ki=m?=m3=m? (ki+ko)?=s.

()

& Triangle rec. rel. (2 —d) I(gcllgz) - If;”
2 _
& Bubble rec. rel. (1—d) I{CQZH) _ 4m€2 SI{‘;) 4 I{d)
& Tadpole rec. rel. v Ifd”) = 2m> I}d)
& Telescopic Identity (2 —d) o) 2 <(1 —d) GG d I(d+2))
' 012 Tl — & 12 2m2 ! )
shift d — d — 2
j (@ _ __ 2 (@, 4= 2
& 1BP-id (A=A = oy (=T + sz ).

<[EE—O—+Q



7.2 Example 2 (QED vertex)

We consider a triangle Zy12 with kinematics corresponding to the QED vertex

DO:q27 D1:<Cj+k1)2_me237 Dl:(q_k2>2_mg7

with mZ=0, k?=ki=m?=m3=m? (ki+ko)?=s.

()

& Triangle rec. rel. ((2 —d) Ié‘f;z) - I{g)
2 _
& Bubble rec. rel. (1—d) Tlaf2) _ 4m€2 81{3) 4 I{d)

& Tadpole rec. rel. _ e 2m? I{d)
, ] A (d+2) (d+2) (d+2)
& Telescopic Identity T = Tl <(1 — @) L R > 7

shift d — d — 2

& IBP-id

(d) _
(4 b d)I(HQ = 4mg GE g

dH  d—2 _d
(- + — 1 )

The reduction “knows” that the
integral is reducible, at its first step




Integrand Reduction@Shift-invariant monomials
= Dimensional Recurrence ~ IBP-id’s

@mechanism

e From D — D + 2: integrand generation of I9~2¢:

1

(Vi1 v12)

L% p?] = (me) I, L[y - a)(vi2-9)] =

Gacpelel 5= el = =20 ="

reducibility power of IBP-id’s within the integrand: accessed!



How about 2-Loop, 3-Loop,...

Finding out the integrands that control the dimension-shift...
...better if they are also loop-momentum shift invariant



Multi-Loop:
IBP-1d’s from Dimensional-Recurrence ossola, peraro, & pm.

& ; izati 1 1 Ay
& Schwinger Parametrization ) / i sl i)
0

7 ©.@)
i = ! H/ dt; A=7 ~Q/A
—~Jo

& Gram Determinant as

Gaussian Integrals
Bern, De Freitas, Dixon

/ Hd_%ﬂ% exp ZA--M-- SAN Weinzierl
(g A '

Bern, Dennen, Davies, Huang

¢ Badger, Frellesvig, Zhang




&1 -Loop

- 0
_All A€ = /eXp (ZAij,uij> = /eXp(All,un), aA A€ = —EAG = /,ull exp(...),
11

A = —det(A11) = >
Ilpm] = —Ez(d+2))
@2-Loop
A = (~1)? det (ﬁg j;z) — A Ag — A%, A= [ew (2; A”’“’”’) = expCin + 2 )
47 p11 o2 — M%z] = 2e(1+ 2€)I(d+2)' Badger, Frellesvig, Zhang
§B-Loop

A Ap Ais
A = (—1)3 det | A1s Aoy Aoz
A1z Axz Ass

= AT3Ay — 2A19A13A03 + A1 A, + A2, A3z — Aj1 Ay Ass.

A = /eXP(An,LLn + Aoopss + 2A19p12 + 2A130413 + Aoz pias)

8T [piigpoz — 2p2i13123 + [i11 133 + [iatiss — p11izaptss) = de(1+ €) (1 + 2€)T(H).

@4-L00p...



Multi-Loop Dimensional-Recurrence (Int’'nd level)

Ossola, Peraro, & PM.

& Gram-Determinants/Schouten Polynomials Remiddi, Tancredi

S(D;a) = a*
S(D;a,b) = a*b* — (a - d)*
S(D;a;b,c) = a’b*c® —a’(b-c)> = b*(a-c)* — (a-b)? +2(a-b)%(b- c)*(c- a)?

& (-2e)-Schouten Polynomials //oops dependent]

S(—2¢ p1) = paa
S(—2€; p, o) = pa1pioz — pia
S(—2¢€; 1, pro, 43) = pi111422/433 — M11U33 - M22M%3 - M33M%2 + 2#%2#%3#%3

& (4D)-Schouten Polynomials //oops & legs dependent]

S4;q1), SEaq,p), -, S@q,p1,-Pn-1)
S4;q1,92) , S@;aq1,92,01), .-, S4541,92,P1.--,Pn-1) ,
S(4q1,92,93) , S4q1,92,93,01) s -, SAq1,62,93,P1--, Pn—1)



Multi-Loop Dimensional-Recurrence (Int’'nd level)

Ossola, Peraro, & PM.

& Integrand decomposition

S(—2¢...,piy...) =a154;...,qi,...pj,...) +ao+ D;'s+ spurious

& Integration

& Dimensional Recurrence

(c(e) — C4a1)15+2 = ag I” + subdiagrams

Proposition.

e @ All-Loop: The Dimensional-Recurrence for I” is generated from the integrand
relations between S(—2¢; p;5), S(4;qij,pij) and D;’s

e these relations capture the reducibility power of IBP-id’s




N Di=g —m°=qi —m*—un
Z = =
@ W= 555, Dy = g3 —m* = g3 — m* — piao

D3 = (q1 — (?2)2 = (q1 — QQ)2 — [11 — 22 + 2 p19,

2

oy m .
& Integrand decomposition el G e an = (e — ) e — ) - —~Ds + spurious

&lIntegration  Tinldd — (a1 - ©)%) = T[S a1, @2)] = 3 T

Tios[pn1 o — piia) = T123[S(—2€; pa, p2)] = g(l + 2€) T3
T
& Dimensional Recurrence
& 2L-Vacuum —i(d SR = 4%321?2
& (1L-Tadpole)”2 2792 = yi7(D,
& Telescopic Id’y Ifczi;m ~ 9m2 (Z _ 1)Ig+2)-

d— d— 2




N Di=g —m°=qi —m*—un
@ hsN = 55,55 Dy =G5 —m* = q3 —m* — iz

D3 = (q1 — 612)2 = (q1 — CI2)2 — {11 — 22 + 2 (12,

2
; o e m .
& Integrand decomposition Eﬁqg —(q1 - q2)* = (pa1pe2o — piy) +m?(uy — p2)* + =Dkt spumous]

&Integration  Tinldd — (@ - @)%) = TinslS(4; =3 I35

€
T1o3[p11a2e — p3s] = (—2€; p1, p2)] = 5(1 + 2¢) Zfz?

Tio3[(p1 — p2)?] =

@ Dimensional Recurrence

4m?
(d-1)(d-8) T = =1 ]

d2I(d+2) — 4m 41'1(620,

/(1L-Tadpole)~2

9 — %

The reduction “knows” that the
integral is reducible, at its first step




D-Shifting Operator

Tarasov; Lee;
Ossola, Peraro, Remiddi, Schubert, Tancredi, & P.M.

L-loops, m-legs, n-denominators, ¢;’s loop momenta, p;’s external momenta;
JE {Q17 .. 7QL}7 ﬁE {p17 .« 7pm—1}7 a = {(1,1, S 7an}

; f (g pi)
Ypa . pan

Ifrg,n[f(qi;pi);@] E/qu1~~dD

(D; 4.p) f(ai;pi)
D§t ... Dn

. . S
17 . [S(D; @, p) f(qis pi); @) = /chu -dPqr

= coefl x IgﬁQ[f(%;pz'); al

Hence S(D; ¢, p) plays the role of the D™ operator, raising D — D + 2.

M Easy to implement: just a polynomial in terms of of g's and p’s (Gram Determinant)

4 S is shift-invariant under redefinition of loop momentum (preserving mom. cons.)



Geometry behind Master Integrals

Ossola, Peraro, Schubert & PM.

[J (towards a) Criterion for Master Integrals

MI’s are related to the constant term of the Gram Determinant on the maximal cut of the
the considered topology (where all denominators are on-shell)

[Absence of]| constant term <==> [Not] Master Integral



Geometry behind Master Integrals

Ossola, Peraro, Schubert & PM.

[J (towards a) Criterion for Master Integrals

MI’s are related to the constant term of the Gram Determinant on the maximal cut of the
the considered topology (where all denominators are on-shell)

[Absence of] constant term <==> [Not] Master Integral

M Examples of Reducible Integrals

p : S = : 1113—3@:2?12
b2 b3

p1 P12 L P12 1

P2 > D2 —- D2



Conclusions

™ a new tool for the Decomposition of Scattering Amplitudes
& Multivariate Polynomial Division

& one ingredient: Feynman denominator

& one operation: partial fractioning
& Dimensional Recurrence at the integrand level
& embedding: Unitarity, Factorization, and loop-momentum shift invariance

@Minimal set of Ml’s
™ key ideas

& D-shifted Master Integrals

?Schouten Polynomials/Gram-determinants in 4- and (-2e)-dimensions

™ results
& reducibility criterion: purely algebraic procedure to detect MI’s

& A new, simple operator for Dimension-raising: Schouten Polynomials

™ geometry beneath

& Algebraic Geometry and Theory of Invariants

& Gram-determinants ~ (iper)Volumes of polyhedra (<= Amplituhedron?)
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The Maximum-Cut Theorem

Mirabella, Ossola, Peraro, & PM. (2012)
At any loop /4, loops we define maximum cut as the set of vanishing denominators
Do=D;i=...=0

which constrains completely the components of the loop momenta.

We assume that, in non-exceptional phase-space points, a maximum-cut has a finite number

ns of solutions, each with multiplicity one.
Then,

Y d

Theorem 4.1 (Maximum cut). The residue at the maximum-cut is a polynomial para-
matrised by ns coefficients, which admits a univariate representation of degree (ng — 1). ‘

R — | '——-——-—-—-d



Examples of Maximum-Cuts




@ Residues

( A iyizigis = €0 )
Ajjiyiziy = €0 + C1X4 + MZ(Cz + c3x4 + M264)
A

2 3 2 3 2
ilinis = C0 + C1X3 4 €2X3 + c3x3 + caxa + c5x5 + cexy + p(c7 + c8x3 + coxy)
2 2 2 2
Aji, = co + c1X2 + c2x3 + c3x4 + cax; + c5X3 + CeXy + C7x2X3 + CoXaXa + Co
Aj = co+ c1x1 + caxa + c3x3 + caxy

A fon | oo T #e o v [ o P v O +eu-@- +u0

® Residues Samurai Ninja

CA — . Mg) Ossola, Reiter, Tramontano, & P.M. Peraro
..... — ¢p
- Mirabella, Peraro, & P.M.

2 2
Ajiriziy, = o + c1x4 + p(c2 + c3xg + pca)
2 3 2 3 2
Ajjiyi; = €0 + €1X3 + c2X3 + c3X3 + caxa + c5x5 + cexy + p(c7 + c8x3 + coxy4)
A

Aj, = co + c1x1 + caxp + c3x3 + caxy

2 2 2 2
iji, = €0 + C1X2 + C2X3 + C3X4 + C4X5 + C5X3 + CeXy + C7X2X3 + C9XpX4 + Coll

—1
A s T v o v [ o P v O +eu-@- +u




e PV decomposition

IP=A2€q1 g ) = Ao g + > Agys DY
iJ

Contracting by g[”_V 2’

L% [p%] = A20(2¢) = (=) = A= —%IS_%
Contracting by vilviz with (v) ;- p; = 0):
Iy *[(vi1-q)(via-q)] = Aso(vi 1 vy 2)
= My i g)] = IS
(vi1-v12) ’ ’ 2

e From D — D + 2: integrand generation of 12_26:

1

(vi1-vL2)

L] = (—o ™, L -a)(viz-q)) = —5

(tadpole) If_2€[q2] = —2[{5_26




Example of Reducible Integral

P12

D1

> D2

Schouten =

+ D6 * ( 1/8*mul2*mHA + 1/8*ql.e3*q2.e4*mH"4 + 1/8*ql .e4*q2.e3*mH"4 )

+ D4 * (1/4*ql .e3*q2.e4*q2 k1*mHA"2 + 1/4*ql.e4*q2.e3*q2 k1*mHA2 + 1/4*
g2 .k1*mul2*mHA2 )

+ D3 * ( - 1/8*mul2*mH?4 - 1/4*ql.e3*q2.e4*q2.k1*mHA2 - 1/8*ql.e3*
q2.e4*mH" - 1/4*ql .e4*q2.e3*q2.k1*mHA2 - 1/8*ql .e4*q2.e3*mHAN - 1/4*
g2 k1*mul2*mHA2 )

+ D3*D5 * ( 1/8*mul2*mHA2 + 1/8*ql.e3*q2.e4*mHA2 + 1/8*q1.e4*q2.e3*mHA2
+ql k1*q2.kl + 1/2*¥q2 k1*mH"2 )

+D3*D4*D5 * ( - 1/2%q2.k1)

+D2 * (- 1/8%q2k2*mHA )

+D2*D6 * ( - 1/16*mHA4 )

+D2*D5 * ( 1/16*mHA4 )

+D2*D4 * ( - 1/8*%q2 k1*mHA2 )

+D2*D3 * ( - 3/16*mHA4 - 1/8*mul2*mHA2 - 1/8%q1.e3%q2.e4*mHA?2 - 1/8*
ql.e4*q2.e3*mHA2 - q1 k1¥q2.k1 - 1/2%q1 k1*mHA2 - 3/8%q2 k1*mHA2 - 1/
8*q2 k2*mHA2 )

+D2*D3*D4 * ( 1/4*mHA2 + 1/2%q2.k1)

+DI*D5 * (- 1/8*mul2*mHA2 - 1/8%q1.e3%q2.e4*mHA2 - 1/8%q1 .e4*q2.e3*
mHA2 )

+ D1*D4*DS5 * ( 1/2*q2 k1)

+ D1*D2 * ( 1/8*mul2*mHA2 + 1/8*ql .e3*q2.e4*mHA2 + 1/8*q1.e4*q2.e3*mHA2
+ 1/8%q2.k2*mHA2 )

+ DI¥D2%D4 * ( - 1/4*mHA2 - 1/2%q2 k1 );



